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Abstract 
Rubber toughened epoxies are used in a wide range of applications including adhesives when 
toughness is a crucial property.  It is well known that the cavitation of the rubber particles is an 
important process to optimise the toughness of such materials.  This paper describes the development 
of a predictive model to describe the dependence of rubber particle cavitation on particle size.  The 
model is developed using a combination of experimental observations and finite element simulations.  
Predictions have been obtained for both uniaxial loading conditions and the triaxial loading conditions 
expected ahead of a crack.  The model has been extended to consider the cavitation of nano-sized 
‘rubber’ particles. 
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1  Introduction 
Current developments in rubber toughened epoxies include reinforcement using nano-scale particles 
which can be used alone or with other more conventionally sized particles.  These materials are being 
used in a wide range of applications including adhesives and it is well known that toughness is a 
crucial property for successful adhesive joint design [e.g. 1].  The work presented in this paper is part 
of a wider project investigating the mechanical behaviour and toughness of these materials through 
both experimental investigations and numerical modelling. 
 
Cavitation of the rubber particle is clearly observed experimentally for conventionally (i.e. micro-) 
scaled materials and it is generally accepted that this process is crucial for a very significant 
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enhancement of the toughness [e.g.1-7].  The process of particle cavitation leads to changes in the 
stress state in the surrounding epoxy matrix which gives rise to increased plastic deformation and 
plastic hole growth.  These processes are clearly found in our finite element simulations of the 
conditions ahead of a crack.  The energy associated with these processes has indeed been shown to be 
associated with the enhancement of toughness. However, the occurrence of rubber particle cavitation 
has been less well defined for nano-scaled particles, and the ability of the rubber particle to undergo 
cavitation may be related to its size.   
 
The development of a criterion for the cavitation of rubber particles is a crucial step in the final goal of 
this work, namely the development of a methodology for the prediction of toughness.  The different 
criteria have been reviewed by Fond [3].  The importance of understanding the processes affecting 
cavitation has been highlighted in a recent review of rubber-toughened epoxies [8].   It is notable that 
many models described in the literature for particle cavitation are related to the volume strain energy 
stored in the particle which is believed to drive the process of cavitation.  This volume strain energy is 
directly related to the hydrostatic stress in the particle.   The major source of energy dissipation may be 
considered to be dominated by the surface tension [2] or the fracture energy for the breakage of rubber 
molecular chains [4].  For uniaxial tension and assuming no interaction between the particles, finite 
element simulations were developed which explored the role of plasticity of the matrix, and 
demonstrated that, for large rubber particles, cavitation is expected to occur at a hydrostatic stress level 
within the rubber particles of around 20 MPa [9].    More recently, cavitation for nano-sized rubber 
particles has been observed and analysed using an energy based approach [10].   
 
The results in this paper have been derived using finite element simulations based on experimental 
observations.  The results from the finite element simulations have been used to deduce a criterion for 
particle cavitation, using an energy based approach, both for uniaxial tension and for the triaxial stress 
conditions ahead of a crack.  The results lead to prediction of a particle size effect for cavitation both 
for uniaxial loading and for the triaxial loading conditions ahead of a crack.  The toughness of rubber 
toughened epoxies may be directly related to the size of the rubber particles.  The model has been 
extended to include preliminary results for the cavitation of nano-sized ‘rubber’ particles. 
 
2  Finite Element Model 
2.1  Microstructural Model and Boundary Conditions 
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The finite element model is based on the unit cell approach.  The present models assume uniform 
distribution of the particles, which are all at equal inter-particle distance.  This assumption is the most 
logical arrangement for a uniform distribution. This distribution is achieved from the face-centred 
cubic particle arrangement.  The face-centred cubic unit cell has 1/8 symmetry as shown in Figure 1a; 
simulations were carried out for the unit cell shown in Figure 1b.  Typical simulations used around 
31000 solid, tetrahedral, first order elements. 
 
Boundary conditions can be deduced from the symmetry assumptions for the array of unit cells.  All 
faces of the cell must always remain straight and parallel to their original plane.  Three orthogonal 
faces remain fixed. The loading on the opposite faces for triaxial loading is shown in Figure 1b.  For 
uniaxial loading, the top surface (Figure 1b) only is displaced and Poisson’s contractions are allowed 
for the other two faces, with constraint equations used to maintain the faces straight and parallel to 
their original plane. 
  
2.2  Material Properties 
The material modelled here is a ‘model’ rubber toughened epoxy prepared in the laboratory.  The par-
ticle size and content have been measured; the mean particle radius is 1.7 μm and the overall rubber 
content is 20% by volume.  The material properties for the constituents have been carefully considered.  
The properties of the rubber were matched to experimental results from the literature [11] using a two 
parameter hyperelastic model with initial bulk modulus set to 3 GPa.    Hybrid formulation elements, 
which include an extra degree of freedom for hydrostatic displacement, are required for this material 
model.  Figure 2a compares the experimental stress/strain results with the predicted results for this ma-
terial model; close agreement is found over a very wide range of strain. 
 
The epoxy matrix properties are based on the exponent Drucker-Prager model available in ABAQUS 
Standard [12].    The exponent model was required to allow convergence at high values of applied 
strain.  The model was derived using experimentally measured tensile and shear stress/strain 
behaviour.   Figure 2b compares the tensile experimental stress/strain measurements with the predicted 
results for this material model; reasonable agreement is found.    
 
2.3  Loading  
The simulations have been carried out for both uniaxial loading and for triaxial loading, including the 
conditions expected ahead of a crack.  These triaxial conditions are defined as a loading ratio of 
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1:0.8:0.8 in the y, x and z directions respectively (see Figure 1b).   The cavitation of rubber particles 
was simulated by removal of elements; the process is assumed to take place at constant applied strain.  
For uniaxial loading, the strain in the loading direction was maintained while the orthogonal directions 
changed displacement since the overall Poisson’s ratio is changed by the removal of the rubber (see 
Section 5.1).  For triaxial loading, the maximum strain was maintained to reflect the applied strain, and 
the strains in the orthogonal directions were changed to maintain the loading ratio.  
 
3  Thermal Strains 
3.1  Development of Thermal Strains 
Thermal strain is expected to exist within particulate filled composites if the preparation of the material 
involves high temperatures.  On cooling, thermal stresses arise from the difference in the values of 
coefficients of thermal expansion for the particles and matrix.  At ambient temperature, the rubber 
particles have a higher value of the coefficient of thermal expansion than the glassy epoxy matrix; 
thermal contraction would thus place the rubber particles in tension. 
 
The values of coefficient of thermal expansion for the epoxy and rubber were gained from the 
literature: 60 x 10-6/oC for the epoxy [13]; 16 x 10-5/oC for the rubber [14].   These values are quoted as 
values at ambient temperature; these values were used throughout the temperature range in these 
simulations.   
  
3.2  Preparation of Adhesive Specimens 
The adhesive is prepared as described by Oba [15].  Specimens are cured at 160oC in a steel mould and 
then left to cool slowly in the oven.  The process of cooling has been monitored using thermocouples.  
As the temperature decreases, the adhesive passes through its glass transition temperature as shown in 
Figure 3a.  The shear modulus of the adhesive through its glass transition temperature has been 
measured using Dynamic Mechanical Thermal Analysis [15]; the data are shown in Figure 3b.    The 
point of inflection of the modulus versus temperature data has been determined; 80.5oC.  Above this 
temperature, it is assumed that the thermal strains are able to relax.   Thus the thermal residual stress as 
the temperature falls from 80.5oC to ambient temperature, 20oC must be found.  We have assumed that 
the variability in Young’s modulus is identical to the measured variability in shear modulus. 
 
3.3  Simulations to determine Thermal Residual Stress 
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The temperature change and modulus change must be input to the analysis on the same time scale.   
Figures 4a shows the measured cooling rate between 80.5oC and 20oC extracted from Figure 3a and 
plotted against normalised time.  Using the relationship between temperature and time in Figure 4a, 
modulus results between the temperature limits were extracted from Figure 3b and plotted as a 
function of the same normalised time scale; the values of modulus have been normalised with respect 
to the modulus at 20oC.   The results are shown in Figure 4b.  It is clear that the fastest rates of cooling 
and stiffness change occur over the same short time range. 
 
The data in Figure 4b indicate that the modulus variability must be taken into account in order to 
predict the thermal stress.  The most elegant way to model time dependent stiffness variability is to use 
a viscoelastic analysis.  However, the variability in stiffness must then be input as a Prony series, 
expressed as a sum of negative exponentials, and the form of the variability shown in Figure 4b cannot 
be fitted to any sum of such functions.  The variability in modulus was therefore reduced to three 
portions of linear variability, shown by the red dashed lines in Figure 4b.   The fit is reasonable 
particularly at the start of the time range when most temperature change occurs. 
 
Three separate elastic analyses were carried out using the average modulus for each portion of linear 
variability and the corresponding temperature drop for that modulus change derived from the data in 
Figure 4b.  The total thermal stress was calculated as the sum of the stresses from the three analyses.  
The von Mises stress contours arising from the total thermal stress are shown in Figure 5.   The stress 
in the epoxy is fairly high at the interface, i.e. 16.7 MPa, but falls sharply away from the interface; the 
strain energy associated with this stress state is small.  The rubber particles are in significant uniform 
hydrostatic tension of 9.17 MPa.  The total hydrostatic thermal strain of the unit cell is 0.0089.  
 
4  Experimental Results 
Tensile tests have been carried out to observe the strain for the onset of whitening; this phenomenon 
has been linked with the onset of particle cavitation [16].   Quasi-static tensile tests were carried out 
using specimens of the rubber toughened epoxy.  The tests were conducted at room temperature and at 
a test rate of 1 mm/min.  The colour of the specimen was observed using a video camera, and the 
occurrence of whitening was clearly observed in subsequent examination of the film.  Clear whitening 
was observed when the value of applied tensile strain was 0.024.  This value is supported by the onset 
of particle cavitation for this material under tensile loading for this material having been observed at 
this strain from measurements of Poisson’s ratio [17].  These experimental results have been compared 
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with our predictions (see Section 5.1). 
 
5   Finite Element Results 
5.1  Comparison with Experimental Results 
The tensile test has been simulated with particle cavitation taking place at applied strain of 0.024 and 
then continued loading; the predicted stress/strain behaviour is shown in Figure 6a and the predicted 
values of Poisson’s ratio are compared with experimental measurements from the literature [17] in 
Figure 6b.  Very good agreement is found, and the reduction in values of Poisson’s ratio associated 
with rubber particle cavitation is seen which causes the effect on the boundary conditions, as described 
in Section 2.3.  As expected, the cavitation taking place at constant strain causes a reduction in the 
load, reflecting the changing stored energy.  These independent experimental results show that particle 
cavitation occurs at a strain of 0.024, as found in the tensile tests carried out for this work. 
 
5.2  Plastic Hole Growth 
The cavitation of the rubber particles causes the void to grow.  This arises since the stress state within 
the particles prior to cavitation is almost pure hydrostatic tensile stress, for the application of both uni-
axial and triaxial stress.   The rubber material is very stiff in hydrostatic tension, so the process of cavi-
tation leads to a reduction in constraint and growth of the subsequent void; the results are shown in 
Figure 7.   The results are presented as the ‘Relative Volume’ of the particle or void: this is the volume 
normalised with respect to the initial volume of the rubber particle at phase separation, before thermal 
contraction.  These initial thermal contractions cause reduction in volume of the rubber particle.   The 
process of rubber particle cavitation has been simulated to occur at different values of strain; the results 
in Figure 7 show the volume of the rubber particle just prior to cavitation and the volume of the subse-
quent void following cavitation at a range of strains.  The process of cavitation has been modelled by 
the removal of the elements representing the particle and the modification of the boundary conditions 
to reflect the changed value of Poisson’s ratio (see Figure 6b).    The volumes of both the particle and 
subsequent void increase with increasing strain for both uniaxial and triaxial loading, although the in-
crease is far more pronounced for triaxial loading.  There is only a small increase in particle or void 
volume for uniaxial loading, but the shape of the void is an ellipsoid.  For triaxial loading the shape of 
the void is more spherical.   The volume change during cavitation under triaxial loading at high strains 
is around 10%.    However, these volume changes are smaller than the volume change observed on 
fracture surfaces [6, 18] since, as observed in our finite element simulations, much further void growth 
occurs after cavitation arising from the plastic deformation of the matrix.    
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5.3  Growth of Shear Bands 
The cavitation of the rubber particles is expected to cause relief of constraint and a reduction in the tri-
axiality of the stress state within the surrounding matrix.  Figures 8 and 9 show the contours of von 
Mises stress within the matrix before and after cavitation under uniaxial and triaxial loading.    The ap-
plied strains are those corresponding to the cavitation of particles in this material with initial rubber 
sphere radius of 1.7 μm, i.e. 0.024 for uniaxial loading and 0.0116 for triaxial loading (see section 6.3).  
Unexpectedly, the results in Figure 8 for uniaxial loading show that no growth of shear bands is pro-
moted by the rubber particle cavitation.  Before the cavitation there is a shear band forming between 
the particles (see figure 8a), but there is a reduction in its intensity and a reduction in the value of 
maximum von Mises stress between the particles after cavitation (see figure 8b).  It is notable that the 
values of von Mises stress at the particle interface are very similar before and after cavitation; it is the 
distribution of von Mises stress between the particles which is affected by the process of cavitation.  
Further results at higher strains have been examined, and this effect of reduction in shear banding be-
tween the particles was found for cavitation at all strain levels.  In contrast, the results in Figure 9 
clearly show the higher values of maximum von Mises stress and the growth of shear bands between 
the particles after the cavitation of the rubber particles under triaxial loading.  Rubber particle cavita-
tion has been shown to promote the growth of shear bands in triaxial loading.  This same effect of 
shear band promotion after particle cavitation was found for results from cavitation at higher strains.   
 
5.4  Stress in Rubber Particles before Cavitation 
Observation of the stress state within the particles for both stress conditions shows that the particles are 
in almost pure uniform hydrostatic tensile stress.  This stress state is shown in Figures 8a and 9a: the 
value of von Mises stress within the particles is near zero.  A similar stress state within rubber particles 
has been observed for unidirectional loading in other unit cells [19].   However, the magnitude of the 
stress is far higher for the application of triaxial stress; the values are compared in Figure 10.  For the 
application of triaxial stress, the results are plotted as a function of the applied maximum strain since 
this can be related to the globally applied strain.  It is notable that very high values of hydrostatic stress 
are predicted for the application of triaxial stress. 
 
Consideration of the results in Figure 10  indicate that a consistent criterion for rubber particle 
cavitation in uniaxial tension and ahead of a crack is not expected to be associated with the value of 
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hydrostatic tensile stress in the particle.  Cavitation in the uniaxial tests is observed at 0.024 applied 
strain; the results in Figure 10 show that the hydrostatic tensile stress in the rubber particles at this 
strain level is 22.3 MPa.  The results in Figure 6 show that using triaxial loading, this stress level in the 
rubber particles is reached when the maximum applied strain is 0.0029.  This result is independent of 
the size of the particle.  Particle cavitation ahead of a crack for such a low level of applied strain does 
not appear credible.  This result implies that cavitation would occur around any small crack or defect at 
the very onset of application of load.  This is not generally observed experimentally for either 
conventional-scale or nano-scale reinforcements.   Hence a more realistic criterion for rubber particle 
cavitation is required. 
 
6   Cavitation Criterion 
6.1  Development of Cavitation Criterion 
An alternative criterion for rubber particle cavitation has been sought based on an energy balance 
approach.   The experimental observations of rubber particles of 1.7 μm radius undergoing cavitation at 
0.024 applied uniaxial strain has been simulated and used to determine the unknown value of surface 
energy of the void.  The value deduced is comparable with literature values of fracture energy of 
rubber, as described in Section 7.  This value of surface energy has then been used to analyse further 
simulations in both uniaxial and triaxial loading to allow deduction of a particle size dependent 
criterion for cavitation of rubber particles. 
 
6.1  Simulation of Cavitation in Uniaxial Tension 
The process of cavitation in the uniaxial test followed by unloading was simulated; the results are 
shown in Figure 11.  Particle cavitation is simulated at 0.024 applied strain, as observed 
experimentally.  The process of cavitation was simulated within the finite element analyses using 
removal of the elements representing the rubber particles.  The applied strain was maintained during 
this step, and the load carried was therefore reduced.  Following the cavitation step, the load was 
incrementally removed; at zero load, residual strain is found indicating that plastic deformation has 
taken place.   
 
The results in Figure 11 show that energy loss is associated with the cavitation process.  The 
hypothesis of our model is that this energy contributes to the energy required for the cavitation process.  
This energy is represented by the area between the loading and unloading curves in Figure 11.  The 
curves in Figure 11 were integrated, and the area between the curves was found.  Alternatively this 
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total energy loss can be calculated from the difference in available energy in the system before and 
after cavitation.  This can be found from the finite element results using two alternative methods.  The 
first method uses the same concepts as the integration of the curves: the energy before cavitation, that 
is the area below the loading curve, is the sum of the plastic and elastic energy; the energy after 
cavitation, that is the area under the unloading curve, is the recoverable (elastic) strain energy.  Since 
the stiffness of the system is changed by the cavitation process, the elastic strain energy in the system 
changes as a result of the particle cavitation.  The second method uses the value of external work left in 
the model after unloading.  The values of total energy were calculated via numerical integration and 
using the two energy methods; all three values were found to be in agreement.  The energy 
contributions are presented in Section 6.3 below. 
 
6.2  Cavitation Criterion 
The energy loss associated with the cavitation of a single particle can be found from Figure 11. The 
results for the finite element model are from a mesh size of 1 mm3 with particle radius of 0.457 mm for 
20% volume fraction of particles; the unit cell contains half a particle.  Scaling has been used to trans-
late the results from the simulation to correspond to a whole particle of radius 1.7 µm, corresponding 
to the material tested.   This energy is described as the total energy, UT.  The components of energy 
used in the processes of cavitation are: 
• The change in elastic energy in the matrix, ΔUe 
• The change in plastic energy in the matrix, ΔUp 
• The surface energy to form the resulting void, Us 
An additional component of energy must be available to the process, namely the release of energy 
from the rubber particle on cavitation, Urub.  Thus the energy balance for the process of cavitation is: 
                                            UT =  ΔUe + ΔUp + Us - Urub                    (1)                                        
This cavitation criterion was applied to the results shown in Figure 11 and the equation was solved to 
find the surface energy value of the void: 0.649 J m-2.  This is a reasonable value assuming that the 
void is coated with rubber and taking into account the breaking of bonds required to allow the process 
of cavitation as discussed in Section 7.3 below. 
 
6.3  Energy Contributions 
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The finite element results are used to calculate the components of energy dissipation associated with 
the cavitation of one rubber particle for the material studied here, with radius 1.7 μm.    The different 
contributions for uniaxial and triaxial loading are shown in Figure 12a and b respectively; the uniaxial 
results are plotted as a function of uniaxial applied strain and the triaxial results are plotted as a 
function of maximum applied strain to the unit cell.  For uniaxial loading, cavitation for particle radius 
of 1.7 μm takes place at 0.024 applied strain; for triaxial loading it takes place at 0.0116 maximum 
applied strain. Visual inspection of the graphs confirms that solution of equation 1 occurs at these 
points.  The relative significance of the energy contributions is discussed in Section 7.5 below. 
 
6.4  Particle Size Effect 
All the energy values in equation 1 are dependent on the applied strain at which rubber particle cavita-
tion takes place.  The values of total energy, UT, the changes in elastic and plastic energy, ΔUe and 
ΔUp, and the energy contributed from the rubber particle, Urub, are all dependent on the volume of ma-
terial, thus the cube of the particle radius.  However, the surface energy to form the resulting void, Us, 
is dependent on the area of the resulting void, thus, indirectly, dependent on the square of the particle 
radius.  For all simulations, the value of Us was calculated using the correct size and shape of the void 
after cavitation.  Thus solution of equation 1 for cavitation at a given strain yields the radius of the par-
ticle which would cavitate at that strain.  The cavitation criterion expressed in equation 1 yields par-
ticle size dependence for the process of rubber particle cavitation.  
 
Further finite element simulations under both uniaxial and triaxial loading have been carried out to 
determine the globally applied strain required to cause rubber particle cavitation for different particle 
sizes.  The results are shown in Figure 13.  As expected, lower applied strain is required to cause larger 
particles to cavitate.   The results for the triaxial loading are plotted with respect to the maximum 
applied strain (not the total hydrostatic strain).  Using this comparison, particles of a given size ahead 
of a crack cavitate at lower applied strain than those under uniaxial strain without a crack present. 
 
7  Discussion 
7.1  Global Applied Strain 
The results of our cavitation model have been presented as functions of the strain applied to the unit 
cell analysed.  For uniaxial loading, the strain applied to the unit cell is equal to the global applied 
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strain to the material.  The cavitation criterion for uniaxial loading is presented as a function of global 
applied uniaxial strain. 
 
For triaxial loading the relationship is more complex.  The three-dimensional stress state ahead of a 
crack has been examined from finite element simulations.  These simulations are presented in detail in 
the derivation of our toughness model [20].    We observe that the value of applied stress around the 
plastic zone is typically around double the global applied stress remote from the crack.  Around the 
crack, values of stress in the orthogonal directions are lower than the value of stress in the applied 
direction.  Similar results have been found in previous finite element simulations [21] which were 
successfully compared with classical calculations [22].  Our triaxial loading conditions in the ratio 
1:0.8:0.8 is an ‘average’ representation of the triaxial loading conditions around the crack.  The value 
of maximum applied strain to the unit cell may be related to the global applied strain via a factor of 
two. 
  
7.2  Microstructural Model 
The finite element model has been deduced using the unit cell approach.  This approach requires the 
assumption of a regular uniform distribution of particles.  Observation of micrographs of such 
materials clearly show that such a distribution is not generally found.   In previous work [19] a random 
distribution of particles was assumed.  Statistical modelling of the random distribution, taking into 
account the actual particle size [23], allows the effect of varying inter-particle distances to be taken 
into account, but these effects are not significant for the low volume fraction of particles considered 
here.  The fundamental assumption of this model was that the effects of neighbouring particles on the 
stress distributions around the analysed particle are smeared; directionality is not included.  Thus this 
random model allows good predictions of global properties, but cannot be used to identify fracture 
behaviour when directionality is important.   We have therefore developed this unit cell approach in 
order to include this directionality.  The distribution we have chosen, namely the face-centred cubic 
arrangement, is the most logical choice since all particles are equidistant with respect to each other.  
We note that this is a simplified model for the microstructure, but the results may be considered as an 
‘average’ of the predictions that would be obtained if the real, variable, inter-particle distances were 
considered.  Thus, for a large number of particles, as would be expected to be within the cavitated zone 
ahead of a crack, the predictions made using this simplified model of the microstructure are valid. 
 
7.3  Cavitation Criterion 
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Our prediction for particle cavitation is based on an energy balance; the energies have been deduced 
from the finite element simulations.  Similar energy balance approaches have been used in several 
previous models [e.g. 2] and more recently applied to cavitation of nano-sized particles [10].   The 
value of surface energy leading to the formation of the void containing the cavitated rubber particle 
was deduced from the experimental observation that cavitation occurred at 0.024 strain.  The value of 
surface energy deduced is 0.649 Jm-2.    This value is approximately 20 times higher than the surface 
energy measured for an existing rubber surface and used in previous analyses [24].  We consider that 
this difference arises since the surface energy value for this cavitation process should include the 
energy required to fracture the carbon-carbon bonds which allows the cavitation process to take place. 
 
The energy required to form the rubber surface may be estimated as the energy required to tear the 
rubber.  The tearing strength of various rubbers calculated from the energy to fracture the bonds has 
been found to be around 0.5 J m-2 (5 x 104 erg cm-2) for a wide range of rubbers [25].    It is noted that 
this calculation ignores the energy arising from the deformation of the rubber.  Thus we believe that 
our value of 0.649 Jm-2 for the surface energy of the rubber, taking into account the deformation and 
fracture required to make the surface, is a credible value. 
 
7.4  Particle Size Dependence 
The dependence of particle size shown in Figure 13 appears credible for conventionally scaled 
materials.  For the material tested here, with particle radius of 1.7 μm, cavitation in uniaxial tests is 
observed at 0.024 applied strain; this value of strain was measured in this work, and confirmed by 
independent measurements.  In triaxial loading, rubber particle cavitation is predicted to occur at 
0.0116 maximum applied strain.  In the presence of a crack, this maximum applied strain may be 
associated with global applied strain of 0.0058 (see Section 7.1).   Thus, ahead of a crack, whitening in 
rubber toughened adhesives with conventional sized particles is predicted at an applied strain of about 
0.006; this is close to many experimental observations as discussed below.  
 
The dependence of particle cavitation on particle size has been considered in the literature for many 
years.  Early work includes description of a lack of toughness in a rubber toughened adhesive arising 
from a reduction in particle size [e.g. 26, 27].  The various quantitative results relating particle 
cavitation to particle size have been reviewed by Dompas et al [4].  Figure 14 compares the predictions 
made here for cavitation in uniaxial loading with those quantitative results; our predictions are 
generally in good agreement both with discrete values and with the overall trend.  
 13 
 
Several results from experimental investigations found in the literature suggest that optimised 
toughness is not found when the particle radius falls below around 200 nm [e.g. 7, 28, 29].  These 
observations are in general agreement with our predictions for particle cavitation under triaxial loading 
shown in Figure 13.   However, as discussed by Liu et al [10], cavitation has been observed for nano-
sized ‘rubber’ particles with diameter of around 15 nm.  The analysis of Lazzeri and Bucknall [2] was 
re-worked to include the energy contribution from pre-existing nano-voids and was found to predict 
cavitation for such particles, including an extra energy contribution from pre-existing voids.  It is 
notable that the value of surface energy for the rubber surface in the void used in the Lazzeri and 
Bucknall model [2] is 0.03 Jm-2.  As described in section 7.3 above, we consider that the value used for 
conventional rubber particles should be higher as it must include the energy required to break the 
carbon-carbon bonds.  However, for these nano-sized particles, the ‘rubber’ is a self-assembled block 
copolymer [10].  Void growth or cavitation in such material could occur without failure or stretching 
of carbon-carbon bonds.   We have repeated our analyses, for both uniaxial and triaxial loading, using 
a value of surface energy for the void of 0.03 Jm-2; the results are shown in Figure 15.   These results 
show that cavitation of nano-sized ‘rubber’ particles which cavitate without the requirement to stretch 
or break carbon-carbon bonds is predicted using our approach which includes all the energy 
contributions arising from the void process.  For the ‘rubber’ particles of 15 nm diameter [10] our 
model predicts that, ahead of a crack, cavitation would occur for maximum applied strain of 0.028, 
associated with a global applied strain of around 0.014 (see Section 7.1).  These results are, of course, 
approximate only since they have been deducted using identical material properties to the model 
rubber toughened epoxy.  However, these results are useful in that they clearly predict cavitation of 
nano-sized ‘rubber’ particles.      These ideas regarding the value of surface energy and the ease of 
cavitation of the rubber may be significant in the understanding of the toughness for epoxies toughened 
using multilayer core-shell particles [30].  
 
7.5  Energy Contributions 
Energy contributions from the different sources shown in equation 1 are shown in Figure 12.  These 
results are for the cavitation of a 1.7 µm radius particle as a function of strain.  Figure 12a is for 
uniaxial loading and Figure 12b is for triaxial loading, plotted as a function of the maximum applied 
strain.  The thermal energy is shown separately in these plots to show its small value, which is only 
significant for large particles which cavitate at low strains (see Section 7.6).  For both types of loading, 
the elastic energy decreases after cavitation and the plastic energy increases, although this increase is 
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very small for uniaxial loading and does not cause growth of shear bands as shown in Figure 10.   The 
surface energy is almost constant with increasing strain as the area inside the ellipsoid void, both for 
uniaxial and triaxial loading, hardly changes as it elongates although there is significant volume 
change, particularly for triaxial loading, as shown in Figure 8. 
 
For uniaxial loading, particle cavitation occurs at 0.024 strain.  From Figure 12a it is clear that the 
surface energy term dominates the energy balance.   This observation shows agreement between our 
model and previous models which only included surface energy within the energy balance [e.g. 2].  
Further, the hydrostatic stress in the rubber particle at cavitation is 22.3 MPa; this is very close to the 
hydrostatic stress value of 20 MPa found to cause rubber particle cavitation using finite element 
modeling [9].  The energy contributions for triaxial loading are shown in Figure 12b; rubber particle 
cavitation is predicted to occur at 0.0116 maximum applied strain.  Surface energy forms a significant 
term in the energy balance.  The energy arising from the rubber particle is also significant for triaxial 
loading.   
 
7.6  Thermal Stress 
The thermal stress has been derived from the combination of the stresses arising from three elastic 
analyses using appropriate values of epoxy modulus for the temperature range.  The values of 
coefficient of thermal expansion were not changed; for the epoxy, the value would be expected to 
approach the value used for the rubber for the higher temperature range.   Neglecting temperature 
dependence in value of coefficient of thermal expansion may cause our calculations to be an over-
estimation of the total thermal stress.   We have assumed that no thermal stress can be sustained above 
the glass transition temperature of the epoxy matrix.  This seems a reasonable assumption taking into 
account the ability of the materials to relax at high temperatures.   
 
It is notable that our calculations lead to modest and highly concentrated thermal stress in the epoxy 
(see Figure 5); however, the rubber particle is placed in significant hydrostatic tension of 9.17 MPa.  It 
is notable that these thermal stresses are far smaller than those which would be found using a single 
elastic analysis for the entire temperature drop using room temperature properties.   
 
The effect of thermal stress on the cavitation criterion for uniaxial and triaxial cavitation is shown in 
Figure 16.  For both types of loading, the effect is significant for larger particles when the stresses are 
low and the thermal energy contribution is therefore significant.  The results in Figure 16 show that the 
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effect may be significant for epoxies toughened with conventional sized particles.  For the epoxy 
toughened with rubber particles of 1.7 µm, cavitation in triaxial loading, including thermal stress, is 
predicted at 0.0116 maximum applied strain; without thermal stress, cavitation is predicted at 0.0144 
maximum applied strain.  This approximately 25% increase in strain may be significant for some 
applications when optimised toughness is not obtained by, for example, constraint along a relatively 
thin adhesive layer in a bonded joint.  In such conditions, cavitation and thus optimised toughness for 
such adhesives may be reliant on thermal stress.  These observations regarding the important role of 
thermal stress may be significant for the long-term properties of such adhesives.  Thermal stress in 
polymers is expected to relax over prolonged time periods.  The long-term toughness of adhesive joints 
manufactured using toughened epoxies with conventional sized rubber particles is therefore worthy of 
investigation. 
 
7.7   Strain Distributions 
The increase in shear strain following cavitation of the rubber particle in triaxial loading has been 
shown in Figure 9; these results are from cavitation at 0.0116 maximum applied strain, as predicted for 
the 1.7 µm radius particle.  At higher applied strains, more complex shear band growth is found as 
shown in Figure 17; two distinct shear bands between neighbouring particles are found.   Such particle-
particle interaction behaviour is found for a maximum applied strain of 0.0314, but not for 0.0234 
strain.  Using the results in Figure 13, such double shear bands would be expected for cavitation of 
particles with radius less than about 140 nm.  This extensive deformation would be expected to 
contribute to higher plastic energy and thus increasing toughness.  These observations may indicate a 
mechanism of increased toughness as materials are optimised. 
 
8  Concluding Remarks 
Cavitation of rubber particles in rubber toughened epoxies is an important process in developing the 
toughness of these materials.  A criterion for particle cavitation has been derived which is based on 
experimental observations and finite element simulations of the cavitation process.  This criterion leads 
to the prediction of a particle size effect.  Cavitation of rubber particles ahead of a crack occurs at a 
lower global applied stress compared with uniaxial loading.  The effect of thermal stresses may be 
significant for epoxies toughened using conventional sized particles.   The criterion has been extended 
for nano-sized ‘rubber’ particles using a different value of surface energy for the void.   The derivation 
of a criterion for rubber particle cavitation may be of crucial importance in present developments of 
advanced materials containing varying sized particles. 
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